We study the periodic Dirichlet problem for a semilinear wave equation with discontinuous nonlinearity. First we establish a continuation theorem for a semilinear operator equation in a Hilbert space, where a key tool is the Berkovits-Tienari degree theory for a class of perturbations of monotone type of a densely defined closed linear operator. Applying the continuation theorem, we prove the main results on the solvability of the given semilinear wave equation, with the aid of spectral theory for densely defined closed linear operators.
Introduction
The study of nonlinear wave equations has been developed in various ways of approach by many researchers; for instance, by Brézis established a Leray-Schauder type continuation theorem for abstract equations involving some perturbations of monotone type of a linear operator in a Hilbert space, where the Galerkin approximation method was used; see also [] . In this aspect, Berkovits and Mustonen [] showed the existence of weak solutions of the periodic Dirichlet problem for a semilinear wave equation under various conditions on the nonlinearity. Moreover, Berkovits and Tienari [] constructed a topological degree theory for some classes of multi-valued operators of monotone type with elliptic super-regularization method, with applications to hyperbolic problems with discontinuous nonlinearity.
In this paper, we study a semilinear wave equation of the form
(x, t) ∈ -[g(x, t, u), g(x, t, u)] for almost all (x, t) ∈ (, π) × R, u(, t) = u(π, t) =  for all t ∈ R,
u is π-periodic in t,
where g : [, π]×R×R → R is a possibly discontinuous function in the third variable to be specified later. To seek a weak solution of the problem (.), we consider the corresponding semilinear equation Next, we prove our main results on the solvability of the problem (.), by applying the continuation theorem to the reference maps L + P and L + cI, where P denotes the orthogonal projection onto the kernel of L, I denotes the identity operator, and -c is a positive regular value of L. Thus, spectral theory for densely defined closed linear operators plays a decisive role in the study of semilinear equations. Analogous and related results were given in [, ]; see also [, ].
Continuation theorem
Let H be a real Hilbert space with an inner product (·, ·). Given a nonempty subset of H, let and ∂ denote the closure and the boundary of in H, respectively. Let B r (u) denote the open ball in H of radius r >  centered at u. The symbol → ( ) stands for strong (weak) convergence.
H is said to be: () of class (S + ) if for any sequence (u n ) in and for any sequence (w n ) in H with w n ∈ Fu n such that u n u in H and
we have u n → u in H; () pseudomonotone if for any sequence (u n ) in and for any sequence (w n ) in H with w n ∈ Fu n such that u n u in H and
we have lim n→∞ (w n , u n -u) =  and if u ∈ and w j w in H for some subsequence (w j ) of (w n ), then w ∈ Fu; () quasimonotone if for any sequence (u n ) in and for any sequence (w n ) in H with w n ∈ Fu n such that u n u in H, we have
Note that the class of (S + )-operators is invariant under quasimonotone perturbations and each pseudomonotone bounded operator is quasimonotone. Moreover, if F :
and For any open set G in H, let 
Following Berkovits and Tienari []
, one can define a topological degree function for the class F G .
, then the degree d is defined in terms of the Leray-Schauder degree d LS as follows:
where
The degree function d defined above satisfies the usual basic properties, as in [] . 
Lemma . Suppose that G is any bounded open subset of X, L + N ∈ F G , and h / ∈ (L + N)(∂G ∩ D(L)). Then the degree d has the following properties:
Here, the homotopyN is of class (S + ) in the sense that for any sequence (t n , u n ) in [, ] × G and for any sequence (a n ) in H with a n ∈N(t n , u n ) such that u n u in H and
The typical examples of a reference map are
with -c ∈ σ (L), where c >  and P c denotes the orthogonal projection onto Ker(L + cI); see [] .
As a key tool, we need the following continuation result on pseudomonotone operators, which follows from the homotopy invariance of the above degree. For the single-valued case, we refer to Theorem  of [] . 
Theorem . Let G be a bounded open set in H with
, there is nothing to prove. We now suppose that h / ∈
. If the condition (.) holds for the case L + N ∈ F G , Lemma . and Definition . imply that
To prove our pseudomonotone case, we set
where a n ∈ Nu n . Without loss of generality, we may suppose that u n u in H and a n a in H. Since the graph of L is weakly closed, we have u ∈ D(L) and Lu = y -a. Since the operator K is compact, the sequence (u n ) has a convergent subsequence (u n k ), say u n k → v for some v ∈ G. By the uniqueness of weak limit, we have u = v ∈ G. Since the operator N is pseudomonotone, u n k → u and a n k a imply a ∈ Nu. Therefore, we get
Now there are two cases to consider. First, we assume that there exists a positive number ε  such that the following condition holds for every ε ∈ (, ε  ):
Applying (.) with N ε instead of N , we get
Let (ε n ) be a sequence in (, ε  ) with ε n → . In view of Lemma ., let (u n ) be a sequence in G ∩ D(L) such that
where a n ∈ Nu n . Then we have Lu n + a n → h.
Next, we assume that there are sequences (ε n ) in (, ∞) with
, and (a n ) with a n ∈ Nu n such that
Passing to subsequences if necessary, we may suppose that t n → t ∈ [, ], u n u in H and a n a in H.
Taking the transformation QKQ at both sides of (.), we get Qu n → Qu, by the compactness of the operator K . Actually, we have t = . In fact, assume that t = . Since PN  = PN  for some bounded (S + )-operatorN  and N is bounded and quasimonotone, we have by (.)
SinceN  is of class (S + ) and N is pseudomonotone, we obtain u n → u ∈ ∂G and a ∈ Nu. Moreover, since the graph of L is weakly closed, we obtain from (.) that
which contradicts the hypothesis (.). Thus, we have just shown that t = . Therefore, it follows from (.) that Lu n + a n → h, which implies as above
In all possible cases, we conclude that h ∈ (L + N)(G ∩ D(L)). This completes the proof.
Remark . We point out that in Theorem . the convexity assumption on the open set G can be relaxed, in comparison to Theorem  of [] . In fact, we did not need the weak closedness of the set G in the whole proof.
Main results
This section is devoted to the solvability of a semilinear wave equation with discontinuous nonlinearity, based on the continuation theorem on pseudomonotone operators stated in the previous section. We consider the semilinear wave equation of the form
u is π-periodic in t, 
⊥ and L has a pure point spectrum σ (L) of isolated eigenvalues: Suppose that g : × R × R → R is π -periodic in the second variable t such that (g) g and g are superpositionally measurable, that is, g(·, ·, u(·, ·)) and g(·, ·, u(·, ·)) are measurable on for any measurable function u : → R; (g) g satisfies the growth condition:
where θ is a positive constant and h  ∈ H is nonnegative; (g) g is nondecreasing in the third variable s, that is,
We define a multi-valued operator N : H →  H by setting
Under assumptions (g) and (g), the multi-valued operator N is bounded, upper semicontinuous, and Nu is nonempty, closed, and convex for every u ∈ H; see Theorem . of [] . Under additional assumption (g), the operator N is monotone and hence pseudomonotone.
Definition . A point u ∈ H is said to be a weak solution of the problem (.) if there exists a point w ∈ Nu such that
where C  denotes the space of twice continuously differentiable functions v :
In view of (.) and (.), u ∈ H is a weak solution of the problem (.) if and only if u ∈ D(L) is a solution of the operator equation
Notice that λ  =  is the first positive eigenvalue of -L and 
where C(h, v) is a positive constant that depends on h and v.
Proof Let h, v ∈ H with h ∈ Nv be given. Note by (g) that N is monotone. For all u ∈ H and w ∈ Nu, using the growth condition (g) and the Hölder inequality gives
where C(h, v) is a positive constant depending on h and v. For all n ∈ N, we obtain from (.), (.), and (.)
and hence
and therefore
In view of γ < , the sets {t n w n } and {(-t n ) Pu n  } are bounded. Since {Lu n } is bounded by (.), we see that {Qu n } is also bounded. From Pu n → ∞ and ( -t n ) Pu n → , it follows that t n → . This implies that {w n } is bounded. On the other hand, it follows from (.) that {w n } is unbounded, which is a contradiction. Thus, the assertion (.) holds for all t ∈ [, ) because the reference map L + P is injective with  ∈ (L + P)(B R 
